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Abstract—In the Wicksell problem, it is required to reconstruct a distribution function of
radii of balls located in an opaque medium from measurements of radii of circles obtained
by intersecting the medium with a certain plane. This problem is intimately bound up with
estimating a fractional derivative of order 1/2 for a distribution function concentrated on the
positive semi-axis. In this paper, the locally asymptotically minimax risk in the Wicksell
problem is evaluated up to a constant. Estimators on which this risk is attained are also
constructed.

1. INTRODUCTION

The Wicksell problem [1] is one of the known inverse (statistical) problems. In this problem,
it is required to reconstruct a distribution function of radii of balls located in an opaque medium.
These radii are independent identically distributed random variables. The obstacle consists in
impossibility to directly measure the ball radii since the medium is opaque. However, it is possible
to measure radii of circles in the intersection of the medium with a certain hyperplane P in R3. For
definiteness, we will assume that centers of random balls B; = B;(v;, R;), i = 1,...,n, are located
at random points v; which are a realization of a stationary Poisson process in R® and squares
of ball radii are independent random variables Y; = R? with an unknown distribution function
F(y), y € RT. The problem is to reconstruct the function F(y) for all y > 0 from observations
of squares of circle radii X; = r? in the intersection. In [2-4], some applications of the Wicksell
problem in biology, stereology, etc., are discussed.

By symmetry of the problem, we choose the coordinate system in R? in such a way that P =
{v : v3 = 0} and denote by S; = S(u;,7;), u; = (vi1,vi2), the circles in the intersection B; N P.
Let G(z) be the distribution function of squares of circle radii X; = r?. Denote by A the rate of a
Poisson process in R?. Then it easily seen that we have the following equalities:

P{X; > x| S; is observed in v € (w1, w; + dwy),v12 € (w2, ws + dws)}

_ P{vi; € (w1, w1 + dwy),v12 € (wa,ws + dws), |v13] < VY1 — x}
P{Ull S (wl,wl +dw1),7)12 S (wg,wg + dwg), |U13| < \/H}

2\ dw; dws ifo/—y —zdF(y) f\/y —xdF(y)

2\ dwy dw, ZO\/ng(y) ZO\/@ dF (y)

Therefore, the distribution functions F' and G are connected by the integral equation

Zfox/y —zdF(y)

1—G(l‘)— 00
Of\/:UdF(y)
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 25

Let the distribution function F' be Lipschitzian with smoothness greater than 1/2, then equa-
tion (1) can be solved directly. Its solution can be represented as

1-Fly) = )

where

e ®)

is the derivative of order 1/2 for the function G(y) at the point y (see e.g., [5]). Formula (2) can
easily be proved. Taking into account that F' is Lipschitzian with smoothness greater than 1/2, it
is not difficult to show that G is differentiable and its derivative is equal to

o) = G (o) = [ D)

TEW) Ve @

Using this formula, we obtain

T dG(z) [ dF(2)

171
pr— d
VT —y 2E\/Y1/\/x—y Vzi—1= v
y x

)

B S BN L= F)
‘2Emy/ / EEr T KT, ©)

which proves (2).

Actually, our problem can now be formulated in very simple way: it is required to estimate
the derivative of order 1/2 of a distribution function from observations of random variables X" =
X1,...,X,. Below, we consider the situation where the number of observations is large, i.e., n — oco.
In spite of sustained efforts, an asymptotically precise solution of the Wicksell problem at a fixed
point was only recently obtained [6] though the orders of convergence rates were found rather long
ago [7].

In this paper, we consider the problem of estimating in Lo (0, 00) since qualitative behavior of a
distribution function is usually more interesting than the value of this function at a fixed point. The
risk of an estimator F (y,X™) for a distribution function F' will be measured by its mean-square
error

R'(F.F) = E [Py, X") = F(y)dy.
0

Below, we use a locally-minimax setting of the problem. Denote by ||-|| the ordinary norm in
L3(0,00). Define also the norm ||-||g for distribution functions by the formula

1Ells = 111 = )| + | FO,

where F(®)(z) is the derivative of order § of the function F(z).

Let us fix a distribution function Fy such that ||Fyl/g < oo and define its neighborhood B. (Fp)
as

B.(Fo) = {F: |F - Fyls <e}.
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26 GOLUBEV, ENIKEEVA
Let F.(C) be the set of distribution functions such that

/ 2?7 R (z) < C. (6)
0

Here and below, C' denotes a constant whose value is not significant. Our goal is to evaluate the
locally minimax risk

r(Fp) = lim lim inf sup LR”(E’,F),
e=0 =0 T peB.(Fo)NFL(C) logn

where the infimum is taken over all estimates, and to construct estimators on which r(Fp) is
attained.

Formulas (2) and (3) suggest a simple method for constructing estimates but this method is
too naive to succeed. Indeed, instead of the distribution function for squares of circle radii, which
we, naturally, do not know, it is possible to substitute its estimate, i.e., the empirical distribution
function

(i) = % S1{X; < 2.
=1

Thus we arrive at the following estimator for the derivative of order 1/2:

It is not difficult to check that this estimator is unbiased but, unfortunately, its variance is un-
bounded. Moreover, the function obtained by substitution of this estimator into (2) is undoubtedly
not a distribution function since DG, (y) infinitely grows as y draws near to any of X;. A natural
way to overcome this nuisance is to try to smooth out DG,,(y) by means of a certain filter. Actually,
we use two different filters. The first one is used to estimate the derivative DG(0) at the origin
and the second one is used to reconstruct DG(y) on the semiaxes. We use the following estimator
for the derivative of order 1/2:

DG(y. p) = argmin { [m — DGy[[* + pullm |}, (7)

where p is a smoothing parameter which will be chosen later. Actually, there are two principal
reasons why we choose precisely this estimator. On one hand, the minimization problem of (7)
can be solved numerically rather fast since its solution can be reduced to computations using band
matrices [8]. The second reason is statistical. It is connected with a boundary effect. The function
DG(x) need not be smooth in a neighborhood of the origin. Therefore, classical kernel estimates
with symmetrical kernels cannot be used directly.

Having the estimators DG (y, 1) and DG (0, p2) in our disposition, we can now apply formula (2)
to estimate the distribution function. Moreover, it should be noted that, in principle, the estimator
DG (0, u2) may be very close to zero but the probability of this event is small. Therefore, to avoid
dividing by zero, let us define the estimator of the distribution function F' by the equality

— 1

= nDG(y, p1)

FH17N2 (y’Xn) = |1- — ) (8)
n‘DG(()vMQ)’ +1 0

where [z]§ = min[1, max(0,z)] is a projection of x onto the segment [0, 1].
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 27
2. MAIN RESULTS
Let go(x) be the probability density of circles corresponding to the distribution function Fj
(see [4]), i.e.,

w@) =5 [w—2 Pt | [ Vidr),
0

xT

Note that go(0) > 0. Below, we will not specially mention this. Set

2
90(0)[|I1 = Foll® n 1
25— 1 23 )

o*(Fy) = % [/\/@dFo(?/)
0

The risk of the estimator ﬁmm (y,X™) can be evaluated as follows.
Theorem 1. Assume that ||Fyllg < oo, S €N, 8> 1. Then for estimator (8) we have

n

lim lim sup R™(F,y 1oy F) < 02(Fp) 9)

e=0 "= pep (m)nF.(C) logn

if pp=n~t and pg = n~28/(8-1)

Finally, the following theorem states that ﬁ#l,ﬁ@ (y,X"™) is a locally asymptotically minimax
estimator.

Theorem 2. Assume that ||Fylls < oo, B €N, 3> 2. Then r(Fy) = o*(Fp).

Remark 1. Theorem 2 remains also valid for 3 = 1 but we do not present here the proof of this
fact in order to avoid further complication of technically tedious (even without this assumption)
calculations used in the proof of this theorem.

Comparing these results with [6,7], we observe that the order of convergence rate \/logn/n in
the Lo norm for the Wicksell problem coincides with the convergence rate at a point; naturally,
the corresponding constants are different.

3. PROOF OF THEOREM 1

It is well known that the Fourier transform is a very strong tool for the analysis of stationary
linear filters due to the fact that the functions exp(iAt) are eigenfunctions of these filters. In our
problem, the Fourier method cannot efficiently be used since the filter from (7) is not time-invariant
since the minimization problem is solved in Ly (0, 00) but not in Lo(—00,00). In this section, we
show how one can rather easily overcome this nuisance.

It is not difficult to write out Lagrange’s equations and check that the estimator from (7) is a
solution of the following boundary-value problem:

w(=1)°DGE” (2, p) + DG, 1) = DGy(a), @ >0, w0
a0, u) =0, 1=8,...,26 1.
Note that the solution of this problem can be written as follows:
DG(w.p) = [ K., DG (y)dy, (1)
0

where K(z,y,p) is the Green function of this boundary-value problem, i.e., the solution of the
equation
W=D EP (@, y, p) + K (2,9, 1) = 6(x —y), x>0, (12)
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28 GOLUBEV, ENIKEEVA

with boundary conditions
EDO.y,u) =0, 1=0,....20-1;
here, §(+) is the Dirac J-function.
The parameter p can be eliminated by renorming. In fact, it can easily be checked that

__ 1 x y
K@y 1) = s K ( @A) ,ul/(Qﬂ)) !
where K (z,y) is a solution of the boundary-value problem
(_1)ﬁK§2ﬁ)(xvy) + K(.’/U,y) = 5(37 - y)a x> 07
KV0,9)=0, 1=45,...,286-1.

(13)

In principle, this problem can easily be solved. In particular, its solution for 5 = 1 is of the form
K(z,y) = exp(—x) cosh(y), = >y,
exp(—y)cosh(z), 0<z<uy.
Note that K (z,y) also satisfies the equation
(D)KL (@,y) + K(2,y) = 0(x —y), y =0,
K{P(2,00=0, 1=4,...,28—1
This can easily be verified applying integration by parts in the equality (see (10))

(14)

f@) = [ K@) [0 ) + 1) dy.
0

which is valid for any sufficiently smooth function f(z), z > 0, with f0(0)=0,1=4,...,26 — 1.
Multiplying equation (14) by (z — y)! and using integration by parts, we observe that

o0

/K(:r,y)dyzl, /(x—y)lK(x,y)dyZO, l=1,....,0 -1 (15)
0 0

For x # y, equation (14) is a homogeneous differential equation with constant coefficients whose
general solution can easily be found (see, e.g., [9, p. 44]). Taking into account the boundary
conditions, it is not difficult to verify that the function K(z,y) satisfies the inequality

K (z,y)| < Ce el (16)
where Cg > 0 is a constant.

Consider the following estimator of the function DG(z) at the origin:

DG(0, p) = L1/B) /K <0, W> DGy (y)dy
0

B 1 n o F y O\ X >y}
- ﬁ'u1/(2ﬂ)n zz:lo/K (O’ Ml/@ﬁ)) X, —y dy

w1 y HXi >y}
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 29

Let us estimate its bias. Equation (14) and the Cauchy—Bunyakovskii inequality yield

[EDG(0, 1) — DG(0)| = p="/@)

7[( <0, ﬁ) [DG(y) — DG(0)]dy
0

— Hl—l/(%)

r Y
0/ K (o, W> [DG(y) — DG(0)]dy

[e.o]

Y
/K(ﬁ) <07 W) DGB) (y)dy
0

N , 12 ¢ o 1/2
2
cuon T o) ] (oo

0 0

_ 1/2-1/(26)

00 1/2 (o 1/2
_ M1/2_1/(4ﬁ) {/[K(ﬁ)((),y)]%iy} {/ [DG(ﬁ)(y)rdy} ) (18)
0 0
At the same time, the variance is estimated as (see (17))
[e.e] x 2
Var DG(0, ji) < —— / o(z) / K <o y > L4yl da (19)
’ - 7T7’L/L1/16 J J ’Ml/(%) \/m ’

To calculate this quantity, we use the following statement.
Lemma 1. For h — 0, we have
[ K(z,y, B . _ [O(h2) exp(~Cylz — al/h), z<z+h,
e B U e e R )

The proof of this lemma can almost directly be derived from (15), (16), and the Taylor formula.
In fact, it follows from (16) that for x < z+ h and h — 0, we have

z/h

(20)

i K(z,y,h) —1y exp(—Csl(z — x)/h + yl)
Oimdygo(h”)/ 7 dy

0
e

Cpy p
Y
VY

< 012 exp(~Cylz — al/h) [
0

= O(n™"7%) exp(=Cy|z — al /h),
which proves the first estimate from (20).

To derive the second estimate, let us substitute the Taylor-series expansion of the function
(x —y)~ Y2 for £ > 2+ h into the estimated integral. Using (15) and (16), it is not difficult to show
that for h — 0 we have

. x/h
M —(z—2) Y x—2z)AY z _Eﬂ
) ey W=7+ Ol )ﬁ”}hﬁo/K(h’t)(t h) &
z/h
< (x_2)71/2+O[(x_z)*ﬁ71/2}h5/exp(—0ﬁ|z/h—t|) <t_%)ﬁdt

0
— (@ =22+ 0[(w—2) W,
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30 GOLUBEV, ENIKEEVA
which implies the second estimate. A

Using (20), the variance of the estimator is calculated in a very simple way:

1/ 12
— 1 1
Var DG(0, p1) < —" O/ g(x) /K( 1/(25 ) mdy dx
00 72
+ / g(x) /K ( ) ! dy| dz
1/(2/3 N T
11/ 28) |
<O(n )+ — / g(z)r tdr + O | =— / g(x)z 172 dx
™m ™m
L1/ 28) 11/ 28)
1+ o(1)g(O0)n~ (28) " log . (21)

Proceeding in just the same way, we obtain that for any integer p > 1

o] T 2p
1 Y 1
g(x 7/1( (0, ) dy| dz
0/ () lul/@ﬁ) / ,ul/(Qﬁ) N

pl/28)

2p
0/ g(:):)[ 1/(2,@)/K( 1/(2,@)) Jl—ydy] dx

[e'e) 2p
1 y 1 (1-p)/(28)
* / 9(x) [W / K (0’ ul/(w)) md?/] dr < Olp @
1/ (28) 0

Now, we can easily prove the following statement.

Lemma 2. Assume that p =< n=26/2B=Y) " Then for any integer p > 1, the inequality

E[DG(0, ) —DG(O)}2 <c, [%r (23)

holds uniformly in F € B.(Fp).

Proof. Note that, given p, the square of the estimator bias has order O(n~!) according to
(18), which is significantly less than the variance, the latter being of order O(n~!logn) by (21).
Therefore, the assertion follows from (18), (21), (22), and the inequality for the mathematical
expectation of sums of independent random variables raised to the power 2p (see[10, p. 79]). A

The mean-square risk of the estimator DG(y, u) on [0,00) is calculated in the following way.

1

Lemma 3. Assume that p<n~". Then, uniformly in F € B:(Fy), we have

logn
2nm 3’

E[DG(. )~ DGO)|| < [L+o(1)

Proof. Let us calculate the bias of the estimator DG (y, ). Integrating by parts yields (see (18))

x

1/(28)” 1,1/ (26)

Eﬁz}(y,u) — DG(y) = p/>71/@0) /K ( ) DG (z)dz.
0
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 31

From this, using the obvious change of variables, we get

[e.o]

HEE@(-,M)—DG(-)H <,uHDG(ﬁ sup /[/K(ﬁ)(y, x)u(x )dx] dy. (24)
0

llull<1

Then we obtain

o o0 2
sup / [/Kzgﬁ)(y,x)utc) dx] dy < sup igf{ng ol 4 Hg(g)Hg} <1

flufl <1
Therefore, from this and (24), we derive the inequality
DG ? @
HEDG( L) = DGO < p| DG H . (25)

Now, applying Lemma 1, calculate the variance of the estimator. Setting for brevity h = p!/(2%)
we have

o 2
A 2 1 yvz h)
E|ED D < — ————"dz| d
[ Gy, p) — Gyu _mo/g [ N ] x
+h ) z 2
SR [ Ry ] "
™ N
0 y+h 0
c y+h 1 0o )
il —2Cg|z—yl/h il — ) 1/2 By — o)~ 1/2-8
<o [ gl — [ @)@ - )7V 1w - )] o
0 y+h
1 0o Chﬁ 00 c y+h
< — / g(-T) dx + / g(:c) de + — /g(x)e—QCg\a:—y\/hdx'
™m ) -y ™m (x —y)it+h hn
y+h y+h 0

Integrating this inequality with respect to y and using inequality (25), we complete the proof of
Lemma 3. A

We still need a simple but important fact proved similarly to previous lemmas.

Lemma 4. Assume that py < n~" and pg = n=28/26=1) " Then, uniformly in F € B.(Fp), we
have

E [ DG(y)[ DG(y. ) ~ DG(y)]| [DG(0. ) = DG(O)|dy = O ™).
Proof. From (18), (25), and the Cauchy—Bunyakovskii inequality, one directly obtains

| PGW)[E DGy, 1) ~ DG(»)] [BDE(. 1) ~ DE(O)|dy = O(n ™) (20)
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32 GOLUBEV, ENIKEEVA

1/(28) 1/(28)

On the other hand, denoting for brevity hy = p; and hy = p, , we have

| PG [EDG(y. ) - DG(y)| [E DG, 1) ~ DG(0)]dy

/DG / // y\’/%\/xoTthQ)dzdtdxdy
/DG //K Y, 2, ) K(0,t, he) DG() DG(2) d= dt dy. (27)

Then, applying Lemma 1, we obtain

T K(y,zh)EK(0,t,hs)
dzdtd
/g(m) Ve —zxe —t “ v

hy  y+hi oS

_ /+/ / // y\’/%\/;%h?)dzdtdx

0 ha y+hi

i 1 hy 1 h?
= / 9(@) <ﬁ " :1:1/22+/3> <\/m e yil/“ﬁ) "

y+h

hl /g(:c)e_Cﬁ\y—:v\/hl <ﬁ + 172+/6) dx+cg(0)h$/2h1 1/26_0,3:’!/]7»1'

0

Multiplying this inequality by DG(y) and integrating with respect to y over [0,00), we obtain
that the first term on the right-hand side of (27) has order O(n~!). The second term is obviously
bounded by the same quantity. A

Proof of Theorem 1. Denote by A the following subset in R™:
A={X": |DG(0, 2) = DG(0)| < DG(0)/logn .

By Lemma 2, the probability of the event that the observations belong to A is close to unity. More
precisely, applying the Chebyshev inequality and using (23), for any p > 1 we have

n log®n'\"
P{X ¢A}sc<p>( ) . (28)

n

Represent the risk of the estimator F,, ., (y, X™) as follows:
. 2
R(Fyy yn F) = B By — F| 1{A} + B || By — F| 142}, (29)
where A€ is the complement of A. Since F' is a distribution function, we have

nl/ja( ) 7“1)

E Hﬁuw —FH21{A} <E HF—1+ 21{A}. (30)
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 33

To continue this inequality, let us apply the Taylor formula under the condition that X™ € A. Then

—

nDG(-, 1) _,_DGly) DGy, m) — DG(y)

DGO, m)|+1  DG(0) DG(0)
DG(y) DG(0, p2) — DG(0) + !
DG(0) DG(0)

+(1+0(1))
From here, taking into account (30) and Lemmas 2, 3, and 4, we obtain

=~ o ogn — 2
B B — F| 104} < —“:Délg)gol)f (% 4 —9(0)2”51_ 1F” ) . (31)

Since the probability P{X” ¢ A} is very small, one can calculate the second term in (29) using
rough inequalities. Note that, under the condition y > max X, for the estimator Ea(y, 1) we
=

=1,...,n

have the following relation (see (20)):

—

DG(y, ) < Cpy ' exp [—Cﬂufl/(w) (y - .maani)] :

i=1,...,

Hence,

~ —-1/(2 —1/(2
P (4, X™) > 1= Cnpay %P exp [_Cﬁul /5) (y - Z.rrllaaniﬂ
and, therefore, for any distribution function F', the inequality

2

~ 2 ~
HF — Fum|| = 2”1 - F”2 +2 Hl = Byt
T 2
<UL FP+2 max Xi+2 [ [1- Bl X)) dy
i=1,...n
max X;
i=1,..., n
< 2.rrllax XZ-—I—Q\\l—F\\Q—I—CnQul_l/(Q’g) (32)
i=1,...,n
is valid.
Note further that according to (6) and (4), we have
14 oY lers ® 3/2+
EX;t < 0// dz dF(y) < /y “dF(y) < C.
Z o0 VYT 0

Thus, E max X;*° < Cn. Therefore, choosing p = p(¢) sufficiently large and using the Holder

i=1,...,n
inequality, we obtain

~ 2 _

E (B — F|| 1{A%} <Om™). (33)
Finally, taking into account (5), we have
-1

D) = YT [ [ viarew
0

and, therefore, relations (29), (31), and (33) imply the required inequality, (9). A
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34 GOLUBEV, ENIKEEVA
4. LOWER BOUND

To prove Theorem 2, it remains to check the inequality

T(Fo) 2 0'2(F0).

(34)

We prove this inequality by applying the technique proposed in [6,11] and based on the van Trees
inequality [12]. As was already mentioned, the problem of reconstruction of the distribution function
can conditionally be divided into two subproblems: estimation of the derivative of order 1/2 at the
origin and estimation of the same derivative on the whole interval [0, 00). Therefore, we will prove
the lower bound (34) according to this division. First of all, consider the contribution to the
minimax risk made by the estimation of DG(0). To do this, we apply the standard technique [13]

by constructing a univariate parametric family.
Let Q(x) > 0 be a function with support on [—1/2,1/2] such that

/ Q(z)dx =1, sup QY (2)] < o0.

2€(—00,00)
As such a function, we can choose, for example, the function

CB)1/2 - 2)" Mz +1/2)7", 2] <1/2

Q) = {o, 2| > 1/2,

where C(3) is the normalizing factor.

= [ Lo (52
h

Define the function

where h < §. Further we assume that § is rather small and does not depend on the sample size n.

Properties of this function used below are collected in the following lemma.

Lemma 5. For h — 0, we have

sup ¢ (z) < O(h™),
Yy

/@Z)h(:c)d:c — _(140(1)logh, y>35+h,
0

[ Van@dz = o),
0

oV (@) < O(h=F+172).

(35)

(36)

(37)

(38)

The proof is based on elementary calculations and the following formula for the [th derivative

of 1 (2):

W, _ JOmRT, z < h,
Ui (@) {l! 7L+ O(h)z=72, x> h,

and therefore is omitted.
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ASYMPTOTICALLY EFFICIENT SMOOTHING IN THE WICKSELL PROBLEM 35

Define the family of distribution functions depending on an unknown parameter € [0, 1] in the
following way:

Fj(z) = (Fo(w) +9n1/2/¢h(y)dy) / (1 +9n1/2/¢h(y)dy) :
0 0

where Fy(x) is a distribution function. Lemma 5 directly implies the statement below.

Lemma 6. Assume that ||Fyllg < oo and

log n\ 1/28-1)
h= < o8 ”) . (39)

n

Then || Fg — Fyllg < €/2 for all sufficiently large n.

Let us observe another simple fact easily obtained by means of (36) and the Taylor formula: for
x > § + h, we have the equality

Fji(x) = Fo(z) + [1+ O(n~?log h)][1 — Fo(x / nly (40)

In particular, this fact implies the following lower bound for estimation of the distribution
function Fj'(z):

2
nmf supEg /‘F an(sc)‘ dx

h+46
> (1+ o(1))log? h inf supEq (9 — 6)? / [ — Fy(a)Pde;  (41)
[/ [/
h+46

here, Ey is averaging over the measure generated by n independent random variables with the
density (see (4))

df% / VIAF(y (42)

Therefore, to continue inequality (41), it remains to compute the Fisher information

wion [ loh(@)
I"(0) = / g@e 5 dz.

In this formula and below, gp(z) denotes the derivative with respect to 6. Actually, the only
nontrivial point in the computation of this quantity is calculation of the derivative of order —1/2
for the function vy, (z). This derivative is computed in the following lemma.

Lemma 7. For h — 0, we have the following relations:

- 0, T >0,
W) g = re 12 40 (6-12), h<a<y,
Vy—2

» VY O(hflﬂ)’ 0<z<h.
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The proof of this result becomes obvious if one uses the formula

1
———dt = m1{u > 0}u"2 A
/t\/t—u miu = Ou

It is not difficult to estimate the Fisher information I™(6) applying Lemmas 5 and 6.
Lemma 8. Assume that ||Fy|3 < oo and h is defined in (39). Then, for n — oo, we have

[e.o]

-2
I"(6) < (1+p(6)) g (0 (2 / @d%(y)) nlog ™,
0

where p(0) — 0 as 6 — 0.

Proof. Using (42), the Taylor formula, and Lemmas 5 and 7, it is not difficult to verify that
for n — oo we have

o) = / o / Vi dFy(y 43)
Similarly, we get
Vngy(x) 1+0 / y(_y)xdy /\/EdFo(y)
0
00 -2 o
_1+20() %(/\/’dﬂ) ) /\/_wh L (44)

The contribution of the second term on the right-hand side of (44) to the Fisher information is of
order O(n™1) since DFy € Ly(0,00) and the latter integral is bounded (see (37)).
To calculate the main component of the Fisher information, it suffices to note that Dy (x) does

not vanish in a d-neighborhood of the origin only and DFy(z) is continuous at the origin. More
precisely, |DFy(x) — DFy(0)| < Cy/z max Fj(y). Therefore, noting that, by Lemma 7,

o0 [e.e] 2
Un(y) _ -
0/ (m \/y——:cdy) dr = (14 o(1))r?logh™1,

and taking into account (43) and (44), we obtain the required inequality. A

Now, we can continue lower bound (41) using the van Trees inequality (see [12, p. 83]). Assume
that the parameter 6 is a random variable with probability density w(x), = € [0, 1]. Moreover, we
also assume that the Fisher information

1
= / WIQ((?) dx
X
0 T
is finite. Then
inf sup Eg (6 —0)> > infEE (0 —0)2 > (nI"(0) +1)~"
9 0€)0,1] )
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Then, since § is arbitrary, we obtain by Lemma 8 and (41) that

o0
- 2
ninf sup Eg /‘F(x) —an(x)‘ dx
F 0 3
2
|1 — Fol*logn.  (45)

> (14 o) 75— [ [ ViR
0

A significant contribution to the lower bound is also made by estimation of the function DG(y)
for y € [0,00). We take this fact into account by means of introducing a new parametric family.

Put
2 2rkx 2 . 2rkx
) =\ meos (T @) = 2 s (P20

and define the normalized trigonometric polynomial P,(x, W) of order W in the following way:

1 X -
P,(z,W) = % klzogw apviey, (),

where aj, = (27| k/2]/T)Y/?; here, |y| denotes the integral part of y and the quantity 7" > 1 does
not depend on n. Along with asymptotics as n — 0o, we are interested in the case where T is large.
Denote for brevity

xr () = 5 Q(xgy> dy.

This function is a smooth approximation of 1{t < T + 5/24}.
Below, we consider the following parametric family of distribution functions depending on un-
known parameters 6 and vy, k € [log W, W]:

Fp () + [ xr(w)Py (u, W)du + 6% [ g5 (u)du
. (2) = 0 0

1+ [ x7(u)P,(u, W)du + 628 [ x74s(u)du
0 0

Lemma 9. Assume that v} <logn and W = (n/log®n)/?% . Then | Fg, — Follg < & for all
sufficiently large n and sufficiently small .
Proof. First of all, let us check that Fy, (x) is a distribution function. To this end, it suffices
to show that
inf [xr(@) P, (@, W) + 0% xr45(x)] > 0.

Since xr(z) = 0 for > T + 3§ and x7ri5(z) = 1 for x < T + 39, it suffices to verify that

sup |P,(z, W)|6~2% < 1. This inequality is fulfilled for sufficiently large n, since for 3 > 2 we have
x>0

1 1/2
sup |P,(x,W)| < < Oin> W32 < n=810g! /2 .
x>0

Therefore, it remains to check that the functions Fgfy(x) are smooth. Indeed, for any m < g—1,

we have -
2 X 2m+2 |
/[P,,(m)(CC,W)]Qd;c == Z Vlzaierl <0 (u) .
0 n k=log W n
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(2m)

Then, observing that ||x;.s || = HX(Qm |

| < C§'72™ for all 0 < m < 8 — 1, we obtain

ds—1 2
/ [WPV(:):, W)XT(x)] de < 8 2W2n " tlogn + CTW*n " logn < O(log ™! n),
0

which obviously completes the proof of the lemma. A

For subsequent calculations, we shall use the Taylor formula for the parametric family Fg',(z).
Denote for brevity

Fg’T(x) = (Fo(:c) +525/XT+1(u)du) / (1 +52ﬁ/XT+1(u)du) .
0 0

Omitting elementary computations, for x > § + h we arrive at the following formula:
Fiy(@) = B (2) + (14 0(0))(1 - Ryl / Unlu

+(1+0(

/ xr(w) By (u, W)du — F3™( / x7(u) P, (u, W)du] . (46)

Lemma 10. Under the conditions of Lemma 9, we have

2
nigfsupEg,,/‘ — Iy, (x )‘ dx
F 6v

> (1+ 0(8))|[1 — Fol|* log® hinf sup Eq,, |6 — 6|
6 O,

w
+ (1+0(9))infsupEg,, Z (D — vi)?a;, > + O(1). (47)
vk O k=log W

Proof. Taking into account that xr(x) = 1 for x € [20,T + 24], let us use the trivial inequality

[ee) T+26
/ - Fp )| de > / |F(2) — Ff, ()| da.
0 20

Then, substituting (46) into the inequality above and estimating the interference terms by means
of integrating by parts, we arrive at the required inequality. A

Proof of Theorem 2. A lower bound for the first term on the right-side of (47) is already
obtained in (45). To estimate the second term, put W = (n/log?n)"/%) (see Lemma 9), divide
the index set {log W, ..., W} into blocks By of length loglog W, and lower bound the risk over the
block By

ps =infsupEg, > (p — vi)*.
Vi O kEB,

Moreover, the parameter 6 is assumed to be known. Then, assuming that the quantities v are
independent random variables whose Fisher information has order log='n, apply the van Trees
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inequality [12]. Note that, by (4), for n — oo we have

8991}
8Vk 28V]€/\/CC— /deeV v)

:<1+o<1>>%’“ m dy//de”

5T
— (1+0(1)% djo_ dy [/\[ngT

7200

/fxT )k ().

Thus, we arrive at the inequality
ps > tr (I +log ' nE)™;

here, F is the identity matrix and I is the mean value of the Fisher information matrix

T+30

_ 899,V(x) 899,1}(37)
Iy =E / gevi(:r) 5 B0 dx.
0 K J
Denote for brevity
T+36
_ ok (y)xr(y)
sp(z) = ag —z dy.
To compute these functions, let us use the identity
/ eXl:(i)\t) dt = (m/\)/2ei0a=r/4).
—x

xT

or, equivalently,

Therefore, integrating by parts, we obtain, for x < T, that

where

lim Z 5%(:0) dr = 0.
nHOOSEBSO ggy(x)
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Then, again integrating by parts, we note that the relation

[ Vi@t )y = o)
0

holds. Therefore, taking into account two latter relations, formula (48), and Lemma 12 (see Ap-
pendix), we obtain

2

tr(I +log ' nE)™! = (1 +0(1))4n~? [/\/@ng’T(y) trJt (51)
0
where
7436
T\ o T
o Tt (~5) (- )
Ji 0 4k 4j

1438/T

T T
_ —1 T _ 4 _ 4
=ET 0/ 9o, (@T)py, (xT 4k> (xT 4]) dx.

To lower bound the quantity tr.J~!, let us use inequality (60) (see Appendix). We have

1
-1
trJ ' > (1 +0(1))loglog W / [Eg;},(xT)} dx

35T
> (14 o(1))T" log log W / go(x)dz. (52)
Hence, from (49), (51), and (52), we derive
4%
inf sup Eg ,, Z (U — Vk)Qa];2
Ve 0w k=log W
W/log W
= Z a’l;é W+sloglog W l,I\lf sup E@,V Z (ﬁk - Vk:)2
s=1 vk O ke Bs

T 12
WilogW loglog W

> (1+0(1))%/90(@d$ [/\/nggT(y) Z log W + sloglog W
0 i

30 s=1

T [e’s) 72
> (1+o(1))%/go(x)dx [/\/nggvT(y) log W,

30 0 J
Noting that, for § — 0 and T" — oo, we have

T

/go(x)dx —1 and /\/_dF — /\/_dFo

36

we complete the proof of the theorem. A
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APPENDIX

Here, some simple results about traces of the Fisher information inverse matrices of a special
form are given. In principle, these results could be obtained by the standard moment method [14]
but, using a statistical interpretation of the problem, we derive them by means of rather simple
reasoning.

Denote for brevity
o (t) = V2 cos[2m(k + M)t + o], orr1(t) = V2sin[2r(k + M)t + o).

Let A be an m X m matrix with entries

1
here, g(t) is a function such that [¢g=2(t)dt < co and M is an integer. We are interested in the
0

behavior of tr A~! for large m.

Lemma 11. We have

1
1
—trAt < / 2(t)dt
Luar< [ (53)
0
and, if p(t) is a trigonometric polynomial of order Q such that p*(t) < g*(t), then
1
1 8 4
Lats (1_ QF )/p2(t)dt. (54)
m m

Proof. Let us use a statistical interpretation of the matrix A=!. Assume that it is required to
estimate a vector (61,...,60,,)" from the observations

= i Oron(t) + g(t)n(t), teo,1],
k=1

where n(t) is a standard white Gaussian noise. It is well known that, in the problem considered,
the matrix A is a Fisher information matrix and therefore (see e.g., [13, pp. 112-114]) we have

infsup E Z O, — 0p)? =tr A7, (55)
Gk ek k=1

where E is averaging with respect to the measure generated by the observations y(¢) and the
infimum is taken over all estimators.

To prove inequality (53), consider the estimator

Hk = /(pk dt =0, + /(,Ok )n(t)dt.

Clearly,
1
B - 00 = [ 4*(0)eh ()it
0
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Therefore, using the equality ¢3,,(t) + ¢3,(t) = 2 and formula (55), we obtain (53).
The proof of inequality (54) is more complicated. Consider new observations

F0) = 3" Oupn(t) + pOR(E), te (0,1, (56)
k=1

where p(t) is a trigonometric polynomial of order @ such that p?(t) < ¢(t) and 7(t) is a white
Gaussian noise independent of n(t). Then the observations y(t) can be represented as y(t) =
y(t) + /g%(t) — p?(t)no(t), where ng(t) is a white Gaussian noise independent of 72(t). It is obvious
that adding an additional noise to observations can only enlarge the minimax risk; in other words,
it is true that

inf supE Z(@k —0)% > infsup E Z(@k —01)?, (57)
O Ok k=1 O Ok =1

where E is averaging with respect to the measure generated by the observations y(¢). To continue
this inequality, multiply observations (56) by the functions ¢y and then integrate over the interval
[0,1]. Then we arrive at the following model of observations:

1
U= Op + &, Op = O + 00141, & = ﬁ/exp[i(%ikt + ag)|p” ()7 (t)dt,
0

where index k takes all values beginning with —M and the quantities §k: do not vanish for k €
[1,m/2] only. Then, note that p?(t) is a trigonometric polynomial of order 2@, which means
independence of the Gaussian random variables & and & for |k — s| > 2Q).

Since there are no any restrictions on gk, we can put
1
B = AV2 / expli(2mkt + ap)lp? (E)na (£)dt,
0

where A is an arbitrary number and n4(t) is a white Gaussian noise independent of 72(¢). Since
the quantities 67;9 are now Gaussian random variables, the optimal estimator is linear, §k. = hsys,

S
where hg is a solution of the equation

E <5k - Zh@) 7 =0.

From this, it is not difficult to obtain that, for k£ € [2Q + 1, m — 2Q — 1], the estimator §k is of the
form 6, = A/(A + 1)3, and its risk is equal to E|@; — 0,2 = 24/(A 4 1). Therefore,

oom m/272Q71 S 2
infsupE> (0, — 0x)> > > E|6p— 0] >(m—8Q—4)A/(A+1)
O Ok =1 k=2Q+1

since the minimax risk is lower bounded by the Bayesian risk. Since the quantity A is arbitrary,
the above inequality and (57) imply (54). A

From Lemma 11, it is not difficult to obtain some useful facts about the behavior of tr A=!/m
as m — oo. For example, if g?(t) is strictly bounded away from zero and is continuous everywhere
except for a finite number of points, then we have

1
lim itrfr1 = /gQ(t)dt. (58)
0

m—oo m,
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This fact easily follows from the second Weierstrass theorem [15, p. 26] and the fact that the space
of continuous functions on [0, 1] is dense in L2[0, 1].

Consider another simple example. Put

e., B is the Fisher information matrix in the problem of estimating the parameters 61,...,60,,
from the observations

= i Orer(t) +g(t)n(t), te]0,2]
k=1

m

Since > Oppi(t) is a periodic function of period 1, the observations y(t) are equivalent to the
k=1

following ones:

g(t)g(t +1)
Vo) + 2+ 1)

Therefore, traces of the Fisher information matrices in the problem of estimation from the obser-
vations y(t), t € [0,2], and %(t), t € [0, 1], coincide. If the function g2(t) is bounded away from
zero on the segment [0, 2] and is continuous everywhere except for a finite number of points, then
Lemma 11 implies

t) = i Orpr(t) +g(t)n(t), t€]0,1], where g(z)=

m—oo m,

1
1
lim —trB~ ! = / g (t)dt. (59)
0
Observe one more simple inequality. Define a matrix C' by the equalities

14p
[ ei()es(t)
Cij = 0/ o

where p € (0,1). If the function g?(#) is strictly bounded away from zero on the segment [0,1 + p]
and is continuous everywhere except for a finite number of points, then we have

lim —trC >/g (60)

m—oo m,

In certain statistical problems, the Fisher information matrix can slightly differ from the ideal
matrix A. To compute the trace of the inverse matrix in this case, consider the “perturbed” m x m

matrix
1

e [ lei(t) +e@®)]lp;(t) +e;(t)]
A= / g2(t) a

where the quantities ;(¢) are some functions from a Hilbert space Lj(0,1) with the norm

1 2
112 = | L
0

The following lemma estimates the trace of the matrix [A°]~! by that of A~L.

t,
0
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Lemma 12. We have

m 1/2
‘tr[AE]*l —tr A7 <am (Z Hekng) .
k=1

Proof. Denote by P, Pyy., and P, . the subspaces spanned by the functions {¢1,...,¢m},
{p1+e1,...,om+em}, and {p1,€1,...,¢m,em ]} respectively. Denote also by IL,, II, ., and Il .
the projection operators onto these spaces respectively.

Let n9(t) = n(t)g(t) be a white Gaussian noise in L§(0,1). Then, as is well known,

tr A~ = E|[I,n? |2 = B[, IL, 092,

e1—1 g2 g2 (61)
tr[A°] 7 = B[y enf||; = E[[pq Il cnff3.
Note that for any elements z,y,z € L3(0,1) we have
[z =yllg = llz = 2llg < lly — =]y
Therefore, putting
d= inf sup |y—zl,,
lyllg <1 )|z||,<1 | o
yeP‘P ZGPW+5
we obtain that for any x such that ||z||, = 1, we have the following inequality:
1/2 1/2
inf  sup J|lx—ylls — ||z — 2 = (1 —||TLz|? — (1 = |Hpyez|? <d.
nf ”Z”g<1{|| o=l = 2llg } = (1= Ipall?) = (1= [Tpea?)
yEPS@ ZGPW+5
Hence, for any = € L(0, 1), we have
Mg el — Mzl < 2d|]? (62)
and, by symmetry,
Myl — [Mp+eally < 2d]*. (63)

Note that the dimension of the subspace P . is less than 2m. Therefore E|]1‘[<p,{,:ng|]f7 < 2m and
hence, from (61)-(63) we derive

}tr[AE]fl —tr Ail} < 4md.

To complete the proof of the lemma, it suffices to note that the distance d can be estimated as
follows:

d= sup inf [jy—z[y < sup
lzllg<1 llyllg<1 STe2<l
Z€P¢+5 yEPSO

m 1/2
< (Z mu;) A
k=1

m
> vy
k=1

g

In conclusion, we would like to express our sincere gratitude to the reviewer for valuable remarks,
which helped us to improve this paper.
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