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Abstract. We consider the problem of minimax estimating the fractional derivative of the
order —1 of an unknown function in the Gaussian white noise model. This problem is closely related
to the well-known Wicksell problem. In this paper the second-order minimax approach is developed.
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1. Introduction. In this paper the fractional derivative f(®) of order a = —%
of an unknown function f(t) is estimated from observations in the Gaussian white

noise. The observations are defined as follows:
(1.1) dx(t) = f(t) dt + e dw(t), te€0,1], «(0)=0,

where w(t) is the standard Wiener process and ¢ is a small parameter. The problem
is to estimate the fractional derivative f(~1/2)(t), assuming that f(t) belongs to a
known class of smooth functions. In fact, we will be concerned with two problems:
estimating f(=1/2)(t) at a fixed point o, and recovering the derivative f(~1/2)(t) on
the unit interval [0, 1].

In order to simplify the technical details we suppose that f(t) is a periodic zero-
mean function. According to [12] we can define the fractional derivative of the or-
der a as

(oo}

FOx) = D7 (foon) pilt) (2mik)*,

k=—o0

where (-, -) is the inner product in L3 (0,1) and ¢ (t) = exp(2nikt) is a trigonometric
basis. Let 0 = (f, i) be Fourier coefficients of the function f. Then the problem of
estimating the derivative of order —% at the point ¢y becomes similar to estimating
the linear functional

2. exp(2mikty)
L(9) = ————" .
©) k;w omik
Likewise, the problem of recovering the fractional derivative of the same order on
the unit interval can be reduced to the problem of estimating the vector (61/v/1,

0,/v2,..)T.
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620 G. K. GOLUBEV AND F. N. ENIKEEVA

Sometimes the estimation problem can be simplified by conversion from the ob-
servations in the time domain to the observations in the Fourier coefficients space.
Since ¢y (t) is a complete orthonormal system in Lo (0, 1), it is easy to see that obser-
vations (1.1) are equal to

(1.2) Xy =0, + 6, k=0,£1,42, ...,

where & are independent identically distributed (i.i.d.) complex-valued Gaussian ran-
dom variables with the parameters (0,1):

gk:/o or(t) dw(t), ekz/o er(t) f(t) dt, sz/() wi(t) da(?).

Prior information about unknown parameters is very important for any statistical
problem. In this paper we assume that the unknown function f(¢) belongs to an
ellipsoid in L2 (0, 1):

(1.3) ee@:{9; Zazw,ﬂg}.

k=1

In particular, if the underlying function belongs to the Sobolev class

Wi = {f: /01 RORE P},

then the axes of the ellipsoid are defined by a7 = (27k)??/P.

At first glance the problem of estimating the fractional derivative of order —%
seems to be of a rather special interest. Actually, this problem is closely related to
the well-known Wicksell problem [10], which can be formulated as follows. Suppose
that a number of spheres are embedded in an opaque medium. Let the sphere radii be
ii.d. with an unknown distribution function F'(z). The item of interest is F'(x). Since
the medium is opaque, we cannot observe a sample of sphere radii directly. We can
only intersect the medium and observe a cross-section showing the circular section
of some spheres. Define the radii of the circles in the cross-section by Y7,...,Y,.
The problem is to estimate the distribution function F'(x) from these observations.
It can be easily seen that the variables Y; are i.i.d.; denote their distribution function
by G(y). The relations between F and G are known:

1= = [ va=gare ([ VEaFE)

(1.4) 1 F@) = [ df(_y)y( OOO dig’)y .

For an elementary inference of these formulas we refer the reader to [3]. In
fact, these formulas express the unknown distribution function F(z) in terms of the
derivative of order § of the distribution function G(y). Here the integrals present
another form of definition of fractional derivatives. Thus the problem is reduced to
estimating the functions G(*/2)(0) and G(*/?) (y) from the observations Y1, ..., Y, with
unknown density g(y). Obviously, these functions are the derivatives of order —% of
the distribution density g(y) = G'(y). Undoubtedly, the Wicksell problem does not
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coincide with the problem of estimation in Gaussian white noise. However, they
are closely related. It is well known that the corresponding statistical experiments
are asymptotically equivalent in the Le Cam sense (see [7]). We intentionally avoid
unimportant details and consider the primitive statistical problem in order to clarify
how to construct asymptotically minimax estimates of the second order.

Note that the results concerning asymptotically minimax estimates (as n — 00)
of the first order in the Wicksell problem were achieved rather recently [3] even though
the optimal rates of convergence are well known (see [6], [4], [2]).

The aim of this paper is to construct asymptotically minimax estimates of the
second order in the model of Gaussian white noise. Transference of the results to
the Wicksell problem is not trivial but rather a question of technique. It is natural
to apply the second-order minimax theory to this problem. The point is that there
are many asymptotically minimax estimates of the first order, and it is impossible to
select the best estimator under the first-order theory framework. On the other hand,
an asymptotically minimax estimate of the second order is to some extent unique.

2. Statement of the problem and main results. Next we will consider a
more general setting of the problem than that in the model (1.2), (1.3). Suppose we
observe real random variables

(2.1) Xy =0k +e&h, k=01,...,

where &, are Gaussian independent random variables with parameters (0,1). It is also
assumed that an unknown vector § = (61,6a,...)T belongs to the ellipsoid

(2.2) @:{9: Zai9i<1},
k=1

where the parameters a? are known. There are two problems related to this statistical
model.

The first problem is to find the minimax estimate of the infinite-dimensional
vector v(f) = (0151,0252,...)T, where the sequence s, satisfies the condition

(2.3) Jim stk = 1.
From now on we assume that condition (2.3) holds. By 9(X) = (v1,02,...)” denote
an estimate of the vector v(6).

The mean square risk of the estimate v is defined as usual:

R(0,0) = sup Ej [[v(6) — 0(X)||* = sup E5 > [k (8) — 0|”,
9€0 9 Pt

where Ej is the expectation with respect to the measure generated by observa-
tions (2.1). The minimax risk is defined by r¢(©) = inf; R*(v, ©) over all the estimates
of the vector v(¢). We will show that under some conditions the linear estimates are
asymptotically minimax of the second order. More precisely,

(2.4) (@) = 522 R(9,0) + o(e?);

here L is a class of all linear estimates. We can formulate the following result.
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THEOREM 1. Let the sequence |ag||sg| be nondecreasing and

-2
(2.5) gli%log Zak sk | — M|ak| [ka |sk| — M|ak|)1 =0,

L max,, o5l = e s el (5] = ol
e > a2 (el — mlax])2

(2.6)

where p is a root of

(2.7) gziaﬁ ( sl _ 1)+ = 1.

Then the linear estimate

is asymptotically minimaz of the second order with the minimazx risk

r°(0) = R°(1,0) +o(*) = ¢ ZISM skl = plaxl) , + o(e?).

k=1

In particular, if ay = (7k)?/VP, 3 > 3, and sy = k~'/2, then the asymptotic
expansion of the minimax risk (¢ — 0) is

€ e? (28+1)P 2 2 2
r(@)—25+1log 262 +e (7—2ﬁ+1)+0(€),

here and throughout, « is the Euler constant.
The second problem regards the estimation of the linear functional

oo
= Z Hksk.
k=1

Let Z(X ) be an estimate of the functional L. Its mean square risk is defined by

(2.8) Ri(L.©) = sup B [L(0) = L(X)]"

The minimax risk, respectively, is
(2.9) r5(©) = inf R§(L, ©),
L
where the infimum is over all the estimates of functional L(#).
The following theorem yields information about the upper and lower bounds of

minimax risk.
THEOREM 2. The following inequalities for the minimaz risk hold:

(oo}
Z 1—|—5 1.

H/\

%)
EQZ (1+77222)1§T0
k=1
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We see that there is a gap between the upper and lower bounds. It is easy to
verify that its size equals (2log )/ over the Sobolev ball. Existence of the gap is
caused by the fact that the linear estimates are not minimax of the second order.
Unfortunately, it is rather difficult to find the explicit minimax estimates in this
problem. That is why we reduce our statistical problem to the simpler one; it is the
recovering functional problem

< f(t)
2.10 Ls(f) = / 2 dt
(2.10) (f) v
from the observations in Gaussian white noise
(2.11) dX(t) = f(t)dt + dw(t), t € [0,00).

A priori information about f(-) is

oo
(2.12) fe]—':{feLg(Opo): / t%f?(t)dtgl}.
0
Asymptotic behavior of the minimax risk in the initial problem can be described
with accuracy o(¢?) in terms of the problem (2.11), (2.12) of estimating the func-
tional Ls(f). By

p= lim{igf sup Eg [Lg(f) — E(s}z + logé}
6-0\ T, fer

denote the limit minimax risk in the problem of estimating Ls(f). We have the
following result.
THEOREM 3. Let s, = k=2 and a? = (k) P~ (1 + o(1)) as k — oo. Then

52

P
(2.13) 15(0) = 5 log 5 + 227+ p —log) + o(e?),

as € — 0.
3. Estimation of the derivative on an interval.

3.1. An upper bound. First, to prove Theorem 1 we obtain a trivial upper
bound of the minimax risk

r¥(0) £ ini R*(v,0).
ve

Recall that here £ is the class of all linear estimates. To calculate the minimax risk
over the class of linear estimates we will use the well-known saddle point theorem [14].
LEMMA 1. Let p be a root of (2.7). Then the estimate

UZ: (1—u|ak|) Ska
|Sk| +

is minimazx in the class of linear estimates with the minimax risk

(3.1) inf RE(3,0) =) sj (1 — m’“') .
k=1 +

veL |sk‘
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Proof. A mean square error of the linear estimate Uy = hys, Xk,
oo
Eo Y |vp — O Zsk (1 — hy) 02+522hk5k = F*(h,0),
k=1

is convex with respect to h and linear with respect to 67. Hence it has a saddle point
on the set [3(1,00) x ©. We omit simple arithmetic (see, e.g., [14]) showing that the
components of the saddle point are as follows:

2h*
(3.2) Z=<1—u|ak|) R S :Ez( |sk] _1> .
skl / & 1—hy, ptlax| n

Here p is the root of 21211 ai@,ﬁz = 1. Finally, noting that

inf R°(v,0) = inf sup F*(h,0) = F°(h",0%) = EQZSkh*
vel h 6€©

we complete the proof.

3.2. A lower bound. We now establish the lower bound of the minimax risk.
Our construction is adapted from [14]. Choose an a priori distribution of the param-
eters 6, such that the variance of 6y, is close to the saddle point (3.2) and the vector
6 lies near the surface of ellipsoid (2.2). More precisely, suppose that 6; are normally
distributed with parameters (0, 07), where

(3.3) o—,%:(l—é)a?<8k| —1) . 0<6<1,
+

plag|

and p is the solution of (2.7). Notice that whenever 6 = 0 the variance of 6y, is equal
to the saddle point #;? from (3.2), which determines the minimax linear estimate.
First, we shall show that for small 6 > 0 the vector 6 does not belong to the ellipsoid
with probability tending to zero, as € — 0.

LEMMA 2. Let the sequence |apsi| be nondecreasing and condition (2.6) hold.
Then for any 6 € (0,6p)

2 oo
(3.4) P{0 ¢ ©} = exp (—4(;) ) where w. = Zaiaé.
€ k=1
Proof. Note that

P{G¢@}=P{iai€i>l} {ia (07 — o?) >6}
k=1 k=1

According to Markov’s inequality we have

S

(3.5) =e" expl A Z aioi — = Z log(1 — 2)\akcrk)]

P{¢ 0} <e MEexp|A

for all A such that 2\ sup, a?o? < 1.
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Choose A = §/(2>72, ato}) and check the inequality 1 — 2Xaio? > 0 for suffi-
ciently small . To do this we have to show that

o -1
(3.6) sup a;o; <Z aﬁa,‘i) < 0.
k k=1
Combining (3.3) and (2.7) we obtain
maxy, azoy _ MaX |am| (Ism| — plam|)+ - 305 larl([sk] — plar))+
2 ko1 0ROk (1= 6) 22521 law*(Isk] — plar])3

By (2.6), the right-hand side in this equality is bounded, and consequently (3.6) holds.
Applying (3.5) and Taylor’s formula we conclude that

k=1

. - 6
P{0¢0O}<Ze Mexp()ﬁZaiaé) :exp{ - W},

and this is precisely the assertion of the lemma.
LEMMA 3. Let conditions (2.5) and (2.6) hold. Then

(3.7) r€(0) = &2 Z 2 (1 — ||Zk||> + o(e?) as ¢ —0,
k=1 kI +

where p is the root of (2.7).

Proof. Let 0x be an estimate of the parameter 0. By the triangle inequality, we
can obtain the following lower bound of the minimax risk:

(3.8) r¥(©) = inf sup Eg Z 52 (0 — 0;)% = inf sup Ey Z s2(0r — 0r)>.
0 vco beovc0 i

Since

sup By Y s7(0k — 0)”> Z EEg1{0 € ©} > s3(0) — ),
P01 k=1

we can continue (3.8) in the following way:

r°(0) 2 inf EE1{0 € ©} > 53 (0k — 01)°
beo Pt

(3.9) > inf EEg Z S%(@k — ék)Q — SupEEg].{e ¢ @} Z Si(@k — ék)Q.
beo 1 beco k=1

Recall that variables 6 are independent normally distributed with parameters
N(0,0%), where o} are determined in (3.3). Thus 0, = /1 — §60;&, where &, are
N(0,1)-i.i.d. and 6} is the second component of the saddle point (3.2). Combining
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these with Lemma 1 we see that

oo R 0 A\ 2
inf EE, Zsi(Gk —0)* Z infEEy Zsi(V 1—066p&k — ek)
feo =1 0 k=1

= (1-9) meEg Zsk (05:&r — ak)
k=1
= (1-8)infEEy Z sk (0hén — hiXy,)?
k=1
2 S 2 |ak‘
(3.10) )€ s (1-m

k=1

Now we obtain the lower bound for the last term in the right-hand side of (3.9).
Since 0}, are Gaussian random variables, it follows that

E(i si@i) = SZ siop + 22 sistoiol < 3(2 sk0k> <
k=1

k£l

From this and the Cauchy—Schwarz inequality we have

supEEy¢1{0 ¢ ©} Z 52(0), — Ox)?
e) k=1

0co

o 25 1/2
0| s ekek]} <cp{oge}'”

k=1

< [Piog e} sup{

Combining these, (3.9), (3.10), and Lemma 2 we conclude that for a constant C'

(3.11) (@)= (1-46 2Zsk(1u\f|ak)+CeXp<C§;g).

Let us “improve” the lower bound, maximizing with respect to § the right-hand side
of this inequality. For abbreviation, we denote

o = 52Zsﬁ<1 - u\/E|ak|)+
k=1

Choose § = \/—CowE log(p*w, ), where Cj is sufficiently large. It is easy to see that

2

6w >} é ps ﬁwe’ 10g1/2

g

min {6,05 + C'exp ( —
5 PEWe

(3.12) < Cp°\/w; log!/?

In addition, by (2.7)
ay
Zakak: 2Zak8k ( ||5k,|)
(3.13) BT (1- 'a’“') S laells (1-n1)
h—1 ‘5k| + ‘ | +

k=1

1
pE/We
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To continue (3.12), let us define an integer

(3.14) N:min{k: 1—,u|| |<0}
Sk
Obviously, p° < e2log N. Then (2.7) gives N < e~2. Hence p° < 2loge2. This,
(3.11), (3.12), and (2.5) give inequality (3.7).
The proof of Theorem 1 immediately follows from Lemmas 1 and 3.

3.3. The asymptotic behavior of the minimax risk over the Sobolev
class. In this section we will look more closely at the asymptotic behavior of the
minimax risk over the Sobolev class with coefficients ay = (wk)?/v/P, where 8 > 1
and s = k~1/2.

Let N be defined in (3.12). Then we have the following simple relation for N
and p: = (1+0(1))|sn|/|lan| as e — 0. Thus we can rewrite (2.7) for N:

N
e _ai <SWN| - 1) =1

= |aksn|

It yields the equation for N,

N B+1/2
s (M) e
k w2Be2’

k=1

An easy computation shows that

1/(26+1
P(26+1)] e as ¢ — 0.

(3.15) N = (1+0(1)) [7r2652

To check (2.5) and (2.6), note that
o N B+1/2
lak] 8—1/2 k B8+6/2
Z|aksk|(1—u ka’ 21— (= = NPA+6/2)
k=1 s N
o0 g N |\ A+1/272
T Ny
k=1

k=1

|ak| k B+1/2
m}gx|aksk| (1 —p 5k|>+ = m;?Xkﬁ_l/Q [1 - (N) ] ~ NB-1/2.

Let us examine the asymptotic behavior of the minimax risk as ¢ — 0. For any
6 € (0,1) we have

N 651.8 N B+1/2
k k
r€(0) = 2 s2 <1 T > 2 sp [1— ( >
( ) Z k |5k|\/7 kz::l
) k B+1/2 N k B+1/2
= ¢? 2 s21— (N> + &2 72 5201 — <N>

+o(e?)

+ o(e?)
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Let us estimate 7 (e, 8). Since k < 6N, we have 1 — (k/N)P+1/2 =1 + O(6°+1/2) as
6 — 0. Consequently,

(3.16) r1(,6) =log N + v+ logé + 0(65'“/2 log N) +o(1).

Let us turn to r2(g, 6). It is easy to see that

1
ro(e,6) = / ! (1 - xﬁH/Q) dr+O(N~1671)
5

(3.17) = —log6 — (1-6"2) o(N 187,

2
2B+ 1
Choose 6 = (log N)~'74, where ¢ > 0. Therefore, combining (3.16) with (3.17) yields

r1(e,6) + ro(g,6) =log N + v — +o(1).

2
260+1
Hence by (3.15) we have the following expansion for the minimax risk as ¢ — 0:

,,,a(@) o g2 | P(25+ 1) +E2 (’Y _ Qﬂi 1) + 0(52).

T o511 BT e2pm
4. Estimation of the derivative at a fixed point.

4.1. An upper bound. In this section we establish the upper bound of the min-
imax risk 7§(©) in the problem of estimating the linear functional L(6) = >~~; si05.
We shall look for it in the class of linear estimates L.

LEMMA 4. The minimaz risk of estimating the functional L(0) in the class of
linear estimates is

o0
(4.1) inf R§(L,0) =) si(1+e%af) .
Lel k=1

The estimate

1s a minimax linear eAstimate.
Proof. Consider Ly (X) = > 32, hxspXy. It is easily seen that

+ &2 Z hiss.

REE7@ =su Or(1 — hy)
o(Ln,©) eeg[;k k: Sk

Applying the Cauchy—Schwarz inequality, we have

Ry ( (Lp,© ZakaZak (1 — hi)*s; +522hksk
—Zalesilfhk +€22hksk

k=1

It is a simple matter to check that the minimum with respect to hy of the right-hand
side is attained by hy = (1 +%a?)~!. This completes (4.1).
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4.2. A lower bound. We now find the lower bound of the minimax risk r§(O).
To do this we will use the standard arguments of [13]. Assume that 0, = 6by, where 0

is a random variable and by is a fixed sequence. Then we have to estimate the
parameter

(4.2) L(0) =0 sk
k=1

from the observations X = 0by + €£. Note that Z,?;l br X} is a sufficient statistic.
Thus we only need the observation

Y= 0iXp=0> b+ bk
k=1 k=1 k=1

for estimating the parameter 6. Hence we have an equivalent problem of estimating
the parameter L(6) (see (4.2)) from the observation

(4.3) Y' =60+ |b)

where £ ~ N(0,1) and || - || is a norm in l5(1,00). At the same time, condition (2.2)
yields the following restriction on 8:

o —1
(4.4) 0% < (Z am) .
k=1

LEMMA 5. The following lower bound for the risk r§(©) holds:

oo
e Z si (1 + 627T2ai)

k=1

(4.5) 5(0) -

1\%

Proof. Set A = (342, a2b?)~'/2. Note that

- 2
r6(0) 2 inf sup Ey GZbksk —L(Y")
R

k=1
- 2
(4.6) = besi | inf sup Eg(0 — 6)2.
; 0 10|1=A

Let v be the a priori probability density of the parameter 8, which is supported
in the interval [—A, A]. Then we have

(4.7) sup Eg(0 — )% > /Ee(e — 0)%v(8) db.
lo|<A

Then from the Van Trees inequality [11] we obtain

(4.8) / Eo (6 — 0)20(0) do > [EI(py) + I(v)] .
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The Fisher information in the right-hand side of this inequality consists of, respec-

tively,
;2 A /2
Ion) = [ 2 @ g, 1) = |- ©) .

po(z) —a v(z)

here py(-) is the probability density of observations (4.3). Minimizing the Fisher infor-
mation I(v) with respect to the prior density v, we can easily assert that inf, I(v) =
I(v*) = 72 A% where v*(z) = A~ cos?[rz/(24)]. Since El(pp) = ||b]|?/e2, we see
from (4.6)—(4.8) that

o 2 o -1
= (Z b) (nbn%—-Q + Zaibi) .
k=1

k=1

Let us “improve” this lower bound, maximizing with respect to by the right-hand side
of the inequality. It is easy to see that the maximum is attained by b} = sg(e72 +
n?a?)~!. This yields (4.5).
The proof of Theorem 2 immediately follows from Lemmas 4 and 5.

4.3. The asymptotic behavior of the minimax risk over the Sobolev
class. Here we investigate the asymptotic behavior of the bounds for the minimax
risk as € — 0. Set a, = (7k)?/v/P and s = k=2, Let N = max{k: |a}| < 1/e}.
Then we have

isi(l—l—az —SQZ]C (1+¢e%a Z E7(1+e%a2) ™t
k=1

k=6N-+1
(4.9) =¢ [Sl (g,6) + Sa(e, 6)},

where 6 € (0,1) is a number depending on &, which will be chosen later. Note that as
e—0

6N
(4.10) Si(e,6) = > k7' +0(6%%) =log N +log6 + v+ O(6%).
k=1

Taking into account the fact that N = (1 + o(1)) 7~ (P/e?)1/ () we obtain

[e%e} 2 23 —1
Sa(e,6) = Y k1{1+€(7§:)]
k=6N+1
(4.11) :/ e (142 de + O(N167).
6

On the other hand, it is easy to show that

/ 711+ 2%V de = —log 6 + (28) " log(1 + 62°).

5

Then choosing § = log™'&~2 and applying (4.9)-(4.11), we have the asymptotic
expansion for the upper bound:

2

P 2
=25 log 2+5 (v —logm) + o(e?).

(4.12) ©) <> st(l+ap) ! =
k=1
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Obviously, the asymptotic expansion of the lower bound (4.5) is similar, with the
only difference being in replacing P in (4.12) by P/n%. Therefore the asymptotic
behavior for the lower bound is

oo

2
r5(0) 2 Y s2(1+e%n%a3) " = —log

P 2 2
2 57 198 122 +e° (v —logm) + o(e7).

Thus there is a gap between the upper and lower bounds. It equals €23~ log 7 and
decreases with respect to increasing the smoothness (.

4.4. Nonlinear estimation. In this section we express the minimax risk r§(©)
in terms of the problem (2.10)—(2.12). It is assumed that a? = (7k)?’/P and
Sk = k=172,

Set N = max{k: |ax| < 1/e} as before. Let

Rs = inf sup Eg [Ls(f) — Eg]2 +logé
T, fEF

be the normalized minimax risk.
LEMMA 6. The following inequality holds:

r2(0) =

: +e2y 42 %ir% Rs + o(e?) as & — 0.

€ e L
203 &2

Proof. Let us divide the set of indices {1, 2, ... } into two subsets K1 = {1,...,6N}
and Ko = {6N + 1,...}, where § is sufficiently small. Then the functional to be
estimated can be rewritten as L(0) = L1(0) + L2(9), where

L1(9> = Z Sk9k7 L2<9) = Z Skek.

keK, keEK>

Further, for a number a € (0,1) fix two sets

0, = {Gk,kEKlz Zaiﬂi§a},

(4.13) kel
0, = {ek, keKy: Y apbp < 1a}.
keKs
For abbreviation, we write X; = (X1,...,Xsn)7 and Xy = (Xsyi1,...)7.

Let 71(0), 0 € ©1 and m2(0), 6 € ©3 be the prior distribution densities on the sets O
and Og; let p1(X4]6), 0 € ©1 and p3(Xs|0), 8 € Oy be, respectively, the distribution
densities of the vectors X, Xos.

Therefore

(4.14)  infsupEg [L1(0) + La(0) — L] = int EEy, 4, [L1(01) + L2(65) — L]

L ¢geo L
here E is the expectation with respect to the measure with density 71 (1) m2(62). Note
that the infimum of the right-hand side is attained, whence L is the Bayes estimator:

_ Jo, Jo,[L1(01) + La(02)] p1 (X1 | 01) p2(X2 | 02) 71 (61)m2(02) db1 dO>

L(X) Jo, Jo, P1(X1[01) p2(Xa | 02) w1 (1) m2(62) dOy db2
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It is easy to see that E(X) = El(Xl) + 132(X2)7 where El() and fg() are Bayes
estimators of the vectors #; and 6, respectively. Since these estimators are nonbiased,
we have

. ~12 -~ 2
II/l\f]'E:I'_:)gl_ﬂ2 [Ll(Xl) — LQ(XQ) — L] = :E:Eg1 [L1(91) - Ll(Xl)}
L

(4.15) +EEqg, [La(02) — La(Xs)]”.

Let us recall that the densities m; and me were chosen arbitrarily. Consequently,

0,€0;
Thus combining (4.14) and (4.15) we conclude that
(4.16) 15(0) 2 16(01) +16(O2).

Hence our problem can be divided into two independent ones. These two problems
deal with estimating the functionals L;(6), 6 € ©; and Lo(0), 6 € O, respectively.

The lower bound for r§5(0;) follows by the same method as in Lemma 5. Set
0 = bi¢ with k € K7, Where ¢ is some random variable. The condition 6 € O, yields
the restriction on ¢: ¢2 k Lazb? < . Therefore it can be easily seen (see the proof
of Lemma 5) that

(4.17) = QZk ( 5Wai>_l.

Note also that

2

SN 2 92 -1 2.2
Zk1(1+swak> >Zk < ﬁake>
k=1 @

e2n2 SN 2
=1logdéN +~v+o(1) - — —k
o k
k=1
=log6N + v+ o(1) — a~'0(6%).

Choosing 62% /a = o(1) as € — 0, we infer from these and (4.17) the inequality

(4.18) r5(01) = % [log N +1log 6 + v + o(1)].
Consider now the second term in the right-hand side of (4.16). Notice that we
can estimate the functional L3 (0) = k 6N 0x/vk instead of Ly(#) since
(4.19) r§(©) = inf sup Ej [Li(0) — L.
T 0€O

Let us consider a new loss function

_Je? 2l < B,
U)B(-r) - BQ, |.’E‘ Z B,

where B is a positive number. Since 22 = wg(x), (4.19) gives

(4.20) r6(02) = e?inf sup Ej wg [ (LA(9) — L)].
L 0€06,
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Let Fo(A,Q) be the set of all functions f such that f(x) = 0 for ¢ [0, 4],
sup, f(x) < Q, and

A
(4.21) / 2 f(x)de <1 - 20
0
Set
P1/2 k

Since the derivative f/(t) is bounded on the interval [0, A], we see that

AN 1AN L\ 28 L A 0
22 - v 20 ) 20 £2 il
;V:akongkz_:l(N) f (N> 7/0 120 f (t)dt+O<N).

This gives # € ©4. In the same manner we can see that the functional being estimated
can be approximated in the following way:

(4.23) N Z fk k/N / /) dt + o(e).

k=6N

Further note that the observations rewritten in terms of f(-) are
pi/? k
X = Narirs | ( ) &L
Noting that vP/(N°7?) = (1 + 0(1)) &, we deduce the equivalent observations

(4.24) Y, = f(jf]) + (1+0(1)) VN &.

Let us pass from these observations to the equivalent observations with continuous
time. Denote by f(t) the step function such that f(¢t) = f(k/N) as [t—k/N| < 1/(2N).
Therefore the observations (4.24) are equivalent to

(4.25) AV (t) = f(t)dt + dw(t),  te0,A]

where w(t) is the standard Wiener process. Note that ||f — f|| — 0 as ¢ — 0. This
means that the problem of estimating the functional

a0
LA(f)_/é Wdt

from observations (4.25) is asymptotically equivalent (see, e.g., [1]) to the problem of
estimating this functional from the observations

(4.26) dY (t) = f(t) dt + dw(t), t e 0, Al
This means that

inf  sup EfwB{LéA(f)—E(?)} 2 inf  sup EfwB{L‘g‘(f)—E(Y)}—&—O(l).
L feFa (A,Q) L feFa(AQ)
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This, (4.23), and (4.20) yield

lim e ?r§(©2) 2 inf sup Ejwg [Lg‘(f) - E}
e—0 L feFa(AQ)

A passage to the limit as B — oo, () — o0, and o — 0 (see also (4.16) and (4.18))
completes the proof of the lemma.

Let us show now that the bound obtained cannot be improved.

LEMMA 7. The following inequality holds as € — O:

rs(0) < e%log N 4 &2y + &2 lim Ry + o(e?).

Proof. We can divide the observations into two parts in the same manner as in
the proof of the lower bound. The underlying functional L(f) can be rewritten as
the sum of two functionals L1 (#) and Lo(0). Take the projection estimator L;(X) =

ZZI X1./Vk as an estimate of the functional L () = 251 0x/Vk. Then it is easy
to estimate the risk

5(0) < infsupB5 [Ly(6) + Lo(6) — L (X) ~ La(X)]

Ly 6O
6N R 9
(4.27) =Y k! + inf sup Ej [Lz(o) - LQ(X)] .
k=1 L2 0O

It is clear that we have to obtain an upper bound for the last term. To do this, let us
reduce our problem with continuous time (2.10)—(2.12) to the initial discrete problem.
To be precise, we shall prove that

~ 2
inf sup Ej |:L2(0) —Ls (X)} +%log 6
Ly 9c©

~ 2
(4.28) < e?infsup Ef [Lg(X) - Lg(f)] +e%log 6 + o(e?);
Ls f€.7-'

here the functional Ls(f) is defined in (2.10). Let F be the set of all step functions
from F such that
. S k k k41
= — — < -
/(@) kngf<N)1{N=x< N }

Obviously, for any estimate Ls (X)) the following inequality holds:

(4.29) sup By [L (1) — Lo(X)] 2 sup By [Ls() ~ Lo(X)]
fer feF

At the same time, observations (2.11) are equivalent to
. k
(4.30) Xi=fv)+ VN &

Let 0), be defined in (4.22). Then observations (4.30) are equivalent to

(4.31) ZE = 0, + (1+ o(1)) €.
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In terms of 6, the underlying functional is

< ft) AN & (1IN gy
[Ty TN S
VP S e Vi

_1+0(1) Cl4o(l) & 1
(4.52) T e ,;;N e ngekJE<\/W+\/E>2

The restrictions on f can be recalculated in the restrictions on 6y

Ls(f)

] 20
12| #2PWdt= —" 02| (k + 1)28+1 — 2B+1] > 01k%2,
—/0 0 p(25+1zk[+) |27 Z’“
k=6N k=6N
ie.,
(4.33) > air =1
k=6N

Thus applying the Cauchy—Schwarz inequality, we obtain from this and (4.32)

eLs(f Z SO ((6N)™2P72) 40 ((6N)~%7).

k6N

Consequently, combining this inequality with (4.33), (4.31), and (4.29), we ob-
tain (4.28). The lemma immediately follows from (4.27).
The proof of Theorem 3 is straightforward (see Lemmas 6 and 7).
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